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Multiple Integrals Over Infinite Fields, and the 
Fourier Multiple Integral.* 

BY BURTON H. CAMP. 

INTRODUCTION. 

1. Multiple integrals over infinite fields have been defined in recent years 
in different ways by Pierpont,t Vallee-Poussin, f and Hardy. ? The integrals 
of Pierpont and of Vallee-Poussin exist only when they exist absolutely, but 
this is not the case with Hardy's integral. It is shown here that, for functions 
whose integrals over finite fields exist, these three infinite integrals are 
equivalent when any one of tllem exists absolutely. This paper is divided 
into three parts. In the first part (?? 2-5) are developed relations between 
Hardy's integral anid the iterated integrals, certain new theorems on inversion 
of the order of integration, and some fundamental properties of multiple 
infinite integrals, most of which are known for the case of integrals over 
finite fields but not for the infinite case. Among these last is the second 
theorem of the mean. Heretofore, this has not been proved, apparently, in 
the infinite case even for functions of one variable. The second part (?? 6-8) 
deals with the behavior of integrals with respect to parameters. I am mainly 
concerned here with the infinite integrals, but it is necessary incidentally to 
extend to the case of integrals over finite fields in space of several dimensions 
theorenms which are known only for integrals over one-dimensional fields. To 
save space, and because novel methods would not be introduced, the proofs of 
uany of the statements in this part are not given. They have to do, however, 
with fundamental matters, including what are, in one dimension, well-known 
tests for termwise integration and differentiation; in the infinite case they 
include the so-called fundamental theorem of the integral calculus. A resume 
of the third part (?5 9-11), which contains certain applications to Fourier's 
double and quadruple integrals, is given at the beginning of ? 9. 

* Read in part before the Ameiican Mathematical Society, February 27, 1915, April 29, 1916. 

t Transactions of the American Mathematical Society, Vol. VII (1906), p. 169. 
4 Cours d'Analyse, 2d ed., Vol. II, pp. 69, 70, 108, 109. 
? Messenger of Mathematics, Vol. XXXII (1902-3), pp. 92 ff. 
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FUNDAMENTAL THEORY, ?? 2-5. 

2. Elementary Theorems. As we shall not be concerned usually with 
integration over finite fields, we make the assumption always that the 
functions used are absolutely L-integrable * in each liminted measurable set of 
their domain of definition. Let R denote the infinite rectangle t where 
$,Y_, and Ra 6 the finite rectangle where 0 xa O< a y _ < . Let f (x, y) 
be defined in R. We may then define the following integrals, when the limits 
in question exist: 

J1(f) lim f fdxdy, 
a, O=w Ra, 

J2(f) =lim limru fdxdy, 
a=o P=c0 Ra, p 

J3 (f) =lim limf fdxdy, 
#=oo a=oo Ra,p 

a 00 X X 

J,(f) 4lim4 dx lim fdy= dx fdy, 
a=o O ,=oo O 

9 a a) ce 

J5(f =lin J dy lim fdx dy fdx. 
8=o O a=oo O 

The integral J1 (f) is Hardy's definition referred to in the introduction, J4 
and J. are the usual iterated integrals, J2 and J, are introduced chiefly for 
convenience in developing the theory of J1, J4 and J,. When it is desired to 
integrate a function over a larger portion or over all of the infinite two- 
dimensional field, we let R1 denote the rectangle (x, y> 0), R2 the rectangle 
(x<O? y), R3 the rectangle (x,y<O), and R4 the rectangle (y<O? x), and 
let R=B1+R2+RB+R4, and then define the integral over R as the sum of the 
integrals over R1, R2, R3, and R4. These definitions could be generalized 
sliglhtly by using the concept of the Harnack-Lebesgue integral, but that is not 
worth while for my present purpose. By lima, ,= is meant the double linmit t 
as a, 3 diverge to plus infinity passing through all positive values. Most of 
the theorems, though stated only for two dimensions, may obviously be 
extended to n dimensions. 

The two following theorems are almost immediate consequences of our 
definition, and the succeeding lemma is known. 

* I. e., integrable in the sense of Lebesgue. 

t The case of n variables is not essentially different from the case of two, but the treatment would 
be cumbersome. In ? 6, however, where finite fields only are employed, and there is no loss of simplicity, 
n variables are used. 

t E. g., Pierpont, Theory of Functions of Real Variables, Vol. 1 (1905), p. 195. 
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THEOREM 1.* A necessary and sufficient condition that J1(f) shall exist 
is that, for every pair of constants h, k7>0, 

lim f fdxdy -o, 
a, ,= 

where r - Ra+h,p+k-Ra, . 

THEOREM 2. If J, (f ) and J, (g) exist, and c is a constantt, Ji(f) + Ji(g) 
Ji(f +g), and Ji(cf ) =cJi(f ). 

LEMMA. If for all values of ha, Ag>3O, p(a +a, (3+Ag3) >4p(a, ,(), and 
p (a, (3) is less than a fixed number M, then liMa, p (P(oc, (), lima limo c (a, (3), 
lim,6 limna (P(O, () all exist and are equal and not greater than1 M. 

THEOREM 3. If, in general,t O?f(x,y)<g(x,y), and if J,(g) exists, so 
does J, (f ), and J, (f) J (g). 

If i_1, 2, or 3, this is an immediate consequence of the lemma. If i-4, 
by hypothesis there exists, except perhaps for a null set, a positive L-integrable 
function, 

L(x) =4gdy, 

whose integral from 0 to a is a monotonic increasing function of a and has the 
limit J4 (g). Except perhaps for a null set of x's, 

ffdy f < gdy, 

and the former is a monotonic increasing function of (3 whose limit 1(x) is less 
than or at most equal to L(x). The integral of l(x) f rom 0 to a is a 
monotonic increasing function of a and hence 

a a 
lifl I (x) dx-=J4 (f ) lim L(x)dx=J4 (g). 

a Oa O 

COROLLARY.f The function Ji(f) existsif Ji(g) does, when f(x,y)= g(x,y) 
in a part of R and zero elsewhere, provided that the field is so divided that f 
is L-integrable over every limited, measurable set in each part. 

THEOREM 4. A necessary and sufficient condition that Ji(f) shall exist is 
that there shall exist two other functions g(x, y), G(x, y), for both of 

* The proof of this depends on the following theorem, well known for functions of one variable: A 
necsssary and sufficient condition that the double limit of k (a, ,B) shall exist, as a, , become infinite, is that, 
for every pair of constants h, k > O, lima, [j (a + h, P + k) - (a, P) ]=O. 

t I. e., except perhaps at a set of points of measure zero. Such a set will be called a null set. 
t This is not necessarily true if g has both signs. Indeed, this property, together with the 

properties in Theorem 2, would be sufficient to show that If I would be integrable, no matter what the 
definition of integration for f. 
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which Ji exists, such that in general g (x, y) < f(x, y) <G(x, y). Then also 

Ji (g)_< Ji (f)<_- Ji (g) - 

Since 0 < f-g < G-g, Ji (f -g) _ J, (G-g). Then, since Ji (g) exists, we 
have Ji (f ) < Ji (G). 

COROLLARY 1. The same is true, with an appropriate change in the last 
statemnent, if g < f _ G. 

COROLLARY 2. The function Jj(f) exists if it exists absoluttely, or if f is 
the product of two positive futnctions which are less than unity and for each 
of which Ji exists, or if it is the p-th power (p>l) of such a function. 

COROLLARY 3. Under the usual conditions the mean-value theorem, 

mJ(g)?Jj(fg)?MJj(g), is valid. 

COROLLARY 4. If Ji(f2) and Ji (g2) exist, thent J,(fg) exists absolutely, and 
the inequality of Schwarz, Ji2(fg)<Ji(f2) Ji(g2), is valid.* 

CASE I: (i_I1). Let i=f and q=0, y'=g and =-0 where fg>0, and let 
qmf and i0, 3_g and y-O0 where fg<O. The same equalities hold when 
both sides are squared, and by the corollary of Theorem 3 the following exist: 
J1Q42), J1(frD, J12), J1(32) . By the inequality for finite fields, 

(tLia rydxdy) ? (f 2 dxdy)( X 2ddyxdY) _J1(42) * ()2) 

Since 4>O0, the function of a, : on the left satisfies the conditions of the 
lemma to Theorem 3. Therefore J2(+') exists, and so does Jj(4Ly). Similarly, 
J1 (cp8) exists, and since by the early equalities I fg I -- np, so does J1 (j fg j). 
Now, proceeding to the limit in the relation, 

(fi fgdxdy) ? ( f2dxdy) (f dxdy) 

we may establish the proposition. 

CASE II: (i>1). This may be referred to Case I by the use of the 
corollary to Theorem 5 and tlle first part of Corollary 2, Theorem 4. 

3. The Integrals of Pierpont and Vallee-Poussin.t In considering these 
definitions we shall assume as in ? 2 that f (x, y) is absolutely L-iiitegrable in 
every limited measurable part of the field R. This is not done by Pierpont, 
but it is better for our present purpose to dispense with the extra element of 
generality which he obtains by omitting this condition. Let R be defined as 
before, and let D1<D2 < .... be any infinite sequence of limited, measurable 

* lt does not follow, as in the finite case, that f is integrable if f2 is. 

tCf. ?1. 
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point sets of such a nature that each D is wholly in R and that every point 
of R is in some D. 

Vallee-Poussin's Definition, V (f). Let f> 0. If the following limit exists 
and is independent of the choice of D's, 

V(f) =ffdxdy4 limffdxdy. (1) 
wR ~i300 D 

Let f be unrestricted as to sign. Set f=-f-f2, where f1, f2>0. When the 
integrals on the right exist, 

V(f) - fdxdy= ffdxdy- f2dxdy. (2) 

Pierpont's Definition, P(f). Let f be unrestricted as to sign. Let the 
following be an infinite sequence of limited measurable sets, E1, E2 ....; and 
let Et contain every point whose distance from the origin is less than i; it may 
contain other points. When the following limit exists and is independent of 
the choice of E's, 

P(f) =fRfdxdy lim tfdxdy. (3) 
R ~i=-0 Es 

It will be shown that this definition is equivalent to the definition: 

P(f )lim fdxdy. (4) 
i-at Ds 

It is obvious that if (3) exists (4) exists and gives the same result. To prove 
the converse we let (4) exist. Suppose that, for a certain E set, the limit in 
(3) should not exist, i. e., suppose that the sequence 

fEfdxdy, fdxdy, (5) 
E1 E~~~~~2 

should diverge. In this sequence there would exist a divergent sub-sequence 

4r fdxdy, 4 fdxdy *. (6) 

for which E'<E"< ... . For example, we might take E'- El, and then, since 
E1 is limited, there would exist an Ei which would include all points as near to 
the origin as any of those of E1; let E"- E, or some E farther on in the 
sequence, if necessary, in order to make (6) diverge. This sub-sequence would 
be a D sequence. 

LEMMA. If f(x, y)> O and the following limit exists for one set of D's, it 
does for every set: 

limJ' fdxdy. 
;=0 it 
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THEOREM 5. (a) If f>0, V(f)=P(f)=J1(f), provided one of these 
exists. (b) If V(f) or P(f) exists, it exists absolutely, and then V (f) =P(f) 
=J1(f). (c) J1(f) mnay exist when V(f) and P (f) do not. 

(a) Since Ra, O is a special case of Ei, if P exists, so does J1, and J1 P. 
By the lemma, if J1 exists, so does V, and V=J1. By definition V=P. 

(b) It is known and obvious that if V(f) exists so does V( If ) and 

V( If ) =lim fldxdy+flim, f2dxdy, V(f) Sli / fldxdy-lim f2dxdy, 
i-a) Ds t= Dt i= D =00D 

where Ifjifl+f2, f=f1-f2. By (a), then, J1(fl) =V(f1), J1(2) V(f2). 
Therefore, Jl(f) J1(f1) -J1(f2)-V(f). A similar result may be obtained 
for P(f), since it may be shown that this integral also obeys Theorem 2. 
Thus (b) is proved if the hypothesis be that V(f) exists. It only remains to 
show that if P(f) exists so does V(f). The following equation is true if two 
of the limits exist: 

P(f) limf fdxdy =limf f,dxdy -lim f2dxdy. 
i=oo Ds i= Di iD Di 

If it is true, V(f) exists. If it is not true, but P(f) exists; since f1, f2>O, 

both of the last two integrals must diverge to plus infinity for some set of D's, 
and therefore by the lemma for all sets. On this hypothesis we will show that 
there exists a set of D's for which the first limit does not exist. Let R1 be a 
circle of unit radius about the origin. Let 

k, f fdxdy. 

Since the integral of f1 over R1 is not infinite, and since by definition fl=f 
where f > 0, there must exist outside of 1R a limited set A1, in which f/ 0, 
such that 

4 fldxdy > 1 -k . 
A1 

Hence, 

5A fdxdy fdxdy + 5 fdxdy > k1 + 1 -k1 1. 
l+Aj R1 A1 

Let D 1? R+Aj. Let R2 be a circle about the origin including all of D1. Let 

k2 fdxdy. 
R2 

The integral of f, over R2 is not infinite, and therefore, as before, there exists 
a set A2 outside of R2 where f > 0 such that 

fXl+A f dxdy f dxdy ? fdxdy X fdxdy + fldxdy > 2. 
L2+A2 R2 A2 R2 e2 

Let D2=R2+A2; etc. 
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(c) Hardy * has given some interesting examrples of this. One which will 
concern us later is JA (cos xy) =xr/2. 

COROLLARY.t If Jj(jfj) exists, so does Jj(If|), and Jj(|f1)=Ji(1fL), 
and Jj(f) =Jj(f). 

Vallee-Poussin has shown that if V( ffj) exists,J4( If I ) =J5( If I ) -V( If I), 
and that J4 (f ) =J5 (f ) = z (f ). By the theorem, tlhen, the corollary is proved 
for the cases i, j=1, 4, 5. The remaining cases may easily be proved by the 
use of the lemma to Theorem 3. 

4. More Existence and Inversion Theorems. THEOREM 6. Let Ji (f) exist. 
A necessary and sufficient contdition that Jj(f) shall exist is that there shall 
exist a function g(x, y) which is in general less than f(x, y) for which both 
J's exist. 

Necessity. Let q(x, y) >0, and let J,(q) exist. We may take g=zf-q, 
for, since Jj(f) and J3(q) exist, so does Jj(f-q). 

Sufficiency. Since Ji(f-g) exists and f-g>O, Jj(f-g) exists by the 
preceding corollary. Since now J,(g) exists, so does Jj(f-g+g). 

COROLLARY 1. Let Jj(f) exist. A necessary and sufficient condition that 
J (f) =J,(f) is that there shall exist a function g(x, y), in general less than 
f (x, y), for which this is true. 

Ji(f-g)=Jj(f-g)-Jj(f)-Jj(g). Add the equality, Jj(g)-Jj(g). 
COROLLARY 2. Let one of the iterated integrals J4(f), J5(f) exist. A 

necessary and sufflicient condition that inversion of the order of iteration be 
allowable is that there shall exist a function g(x, y), in general less than 
f (x, y), for which the inversion is allowable. 

COROLLARY 3.4 A necessary and sufficient condition that both iterated 
integrals of f shall exist and be equal is that this shall be true of two functions 
g(x, y), G(x, y) for which in general g<f <G. 

41 

* Loc. cit., ? 1, pp. 159 ff. 
t Vallhe-Poussin, loc. cit., Vol. II, p. 121. Bromwich (Proceedings of the London1, Mathemntical 

Society, Vol. I (1903), p. 181, third footnote) indicates that this result follows from the lemma to 
Theorem 3, but really only the last part, in which it is said that J1 = J,= J,, follows from that lemma. 
Indeed, if it did follow also that JJ1=-J,=J, as he states, his result would antedate its discovery for the 
finite case by four years (see also Hobson, same Proceedings, Vol. VIII (1910), p. 22). 

I am omitting from this paper the subject of transformation of variables in these integrals. It is 
true, however, that, if any Ji exists absolutely, it may be transformed into an equivalent double, or 
iterated, integral over the unit square. Another proof of the corollary may be devised by the use of 
transformations of this sort. 

$ Cf. W. H. Young, same Proceedings, Vol. IX (1910-11), p. 323. Young's theorem gives only suffi- 
cient criteria that inversion of the order of iteration be permissible, and involves the additional 
hypothesis that this inversion be permissible for integrals of g and G over one-way infinite fields. 
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COROLLARY 4V* (a) Inversion of the order of iteration of f over the onie- 
way infinite field Ra (O< x < a, 0 < y) is allowable if one of the iterated 
integrals of If I exists. (b) If onte of the iterated integrals of f over Ra exists, 
a necessary and sufficient condition that inversion be allowable is that there 
shall exist a function g(x, y), in general less than f(x, y), for which it is 
allowable. (c) A necessary and suffiicient condition that both iterated integrals 
over Ra shall exist and be equal is that there shall exist two functionis g(x, y), 
G (x, y) f or which this is so and f or which in general g < f < G. 

COROLLARY 5. The theorem and previous corollaries are true if we write, 
instead of g<f(f<G), g<f(f<G), or if, in the theorem and fir-st two 
corollaries, we substitute G>f for g<f. 

THEOREM 7. (a) If J1(f) exists, and J2(f) exists over Ra for stfficiently 
large values of a (say a>C) then J2(f) -J,(f); similar statements may be 
mnade for J3 and the one-way infinite field Rf3(0<y?f3, 0?x). (b) Let 
inversiont of the order of iteration over Ra(ocL>C) be allowable; thenl 
J2(f) _J4(f) if either exists; and similar statements may be made for J3 and 
J. and R,6. 

COROLLARY. Sufficient conditions that all the J's shall exist and be equal 
are that inversion be allowable over both Ra and R (aC, l3> C), and that J1 and 
one of each of the pairs (J,, J4), (J3, J5) shall exist. Then also all the J's 
are equal. 

The proofs of the theorems and corollaries of this section are simple. 
5. Second Theorem of the Xean.t THEOREM 8. Let f (x, y) be limnited in R 

and L-integrable over every finite measurable set, and let g (x, y) be absolutely 
L-integrable in R. Then, if I < f (x, y) < L, there exists a k such that 

J= ff(x, y)g(x, y) dxdy 1f gdxdy+L gdxdy; 
R 2~~~ ~~-Al, A; 

where, if f has the property that the set of points Ek, where f_k, is always 
null, Ak is defined as the set where f> k; and otherwise Ak is the set where 

*Parts (a) and (e) are known. See also note to Theorem 7 (b). By the existence of the integral of 
f over Ra we mean the existence over R of the integral of the function which equals f in Ra and zero 
elsewhere. 

tFor criteria for this condition we have, not only Theorem 6, Corollary 4, but also the usual 
condition that, assuming If I L-integrable over finite fields, termwise integration with respect to x of the 
/ sequence-viz: the integral of f with respect to y from 0 to p-be allowable in (0, a). This assumes 
implicitly the existence of one iterated integral. 

::Proved for the case where R is finite by Lebesgue, Annales de 1'Ecole Normale, (3) Vol. XXVII 
(1910), p. 444; proved in a slightly more general form by the author, Mathematische Annalen, Vol. LXXV 
(1914), p. 285. There will be used in this section much of the notation and some of the results of the 
latter paper. 
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f >k, plus perhaps certain points where f- k. In the seconid case the set Ak 

may be defined by the use of an associated function q (x, y). 

CASE 1: (I_-O, Ek-O).* Consider a monotonic sequence of circles whose 
union t is :R 1< R< .... . Let Ak be the set of points where f> k. Let 
A' refer to the parts of A,, in Ri. By the finite case there exists for each 

Ri a ki sueb that 

Jfg =L g. (1) 

By Theorem 4, fg is absolutely L-integrable in R, and by Theorem 5 

J_ fg lim fg-L lim g; (2) 

so the last limit exists. It only remains to show that there is a definite k and 
Ak for which 

limf g=f . (3) 
i=cx; A'*+ Ak 

The left-hand side may be considered as the limit of any infinite sub-sequence 
selected from the sequence 

12, k2 g (4) 

Suppose the sub-sequence to be the terms corresponding to i- al<a2<.... 

where these numbers are so chosen that, if k be taken as the lower limit of the 
sequence k, k,2 .. it is also the limit of either (5) or (6), 

ka a2>k> (5) 

k<k < (6) ka1 _a2 _*.-? 

To be assured that this is possible we first note that wlhenever the points 

kl, k2 .. constitute an infinite point set, there exists a lower limit, for the 
set is limited (O k< L). Whenever the points do not constitute an infinite 
point set, certain of these numbers are repeated an infinite number of times; 
let k be the least of these numbers. It is immaterial to the proof whether (5) 
or (6) holds. Assume (5) ; and to avoid the additional subscripts let it be 
assumed that (4) is the sequence corresponding to (5), i. e., that k is the limit 
of ki, and that k_ > k (7) 

Then 
Aki =k_ ~ (8) 

* By X is meant the measure of E, a concept which may be defined in the infinite case as the integral 
over E of unity. 

' By "union" of (Ri) is meant the totality of points each of which belongs to some Ri. 
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The limit of this sequence may be an infinite field. For e>0 prescribed, let 
Ra be so large that 

XfRR g<Igl (9) 
R-a 

Let 
All <All < (10) 

refer to the portions of Ak1, etc., in Ra. If i 
<a., 

A" may not refer to all of 
the points of Ra where f > k, for A' may not include them all; but if i> > 

A" does include all those points, and only those. A"' is the set in Ra where 
f>k; and so, by the reasoning of my Annalen paper,* A"' is the union of A" 
and 1imi=O, A" -A"'. Thus, on account of the absolute continuity of the integral 

of g in Ra there exists an ie>a and so large that if i>ti (Alt-Al) is 
sufficiently small to make 

fA"k-A"kg (11) 

Now the set (A 
-A',) 

is made up of two parts, (A"'-A") and B, where B 
is some set outside of Ra. Therefore, by (9) and (11), 

IJ JIA ig I+ Igi <2E, 

which proves (3), and hence the proposition. 

CASE 2: (I=0, Ek >0). The only new difficulty here is with inequality 

(11). It is obvious that (Ak'-A") may not become small at pleasure because 
of the non-null sets that may be included. Therefore a method must be found 
of dividing up these non-null Ek sets. The measures of some of them may be 
infinite. We first note that there are only an enumerable number of values of 

k, say k1, k2. , where Ek> 0. This follows from the fact that, if Ak be, as 

before, the set where f > k, Ak is a monotonic decreasirng function of k, and ki 
is a point of discontinuity of Ak. It is known that such points are at most 
enumerably infinite for monotonic functions. We. now define, corresponding 
to the parameter t (0 < < L + 1), a family of point sets Qx, and a limited 
function q (x, y) which is associated in a certain way with f (x, y), and which 
is constant at most in null sets, and has the property that the set of points 
where q > 2 is ?i2. Let c, be any positive number such that 

Cl+C2+ * . . . =1. (12) 

*Loc. cit., p. 275, Lemma 2. 
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Let q(x, y) be defined as the limit of the monotonic sequence, 

f (x, y)_q1j(x, y)_q2(x, y)? .... <(x, y)+1, (13) 

where q1, q2 . are defined as follows: at points where f < kl, let q1 equal 
f; at points where f k1, let q1 equal cje-`2Y2+f; and at points where f>k1, 

let q1 equal f+c1. Here the function cle-1282+ k1 has the properties that it is 

constant only in null sets, that it lies between k1 and k1l+cl, and that the set of 

points where it is greater than any number between these limits is a circle. 

Other definitions of q1 might obviously be chosen, resulting in other associated 

functions q. Next, let q2 be equal to q1 where f < k2, equal to C2e-2Y2+ q1 

where f- 2, and equal to q1+c2 where f > k2, etc. Let nA be the set of points 
where q(x, y) >X(O?<XL+1). The proof that q is constant at most in null 

sets is omitted because the fact seems obvious. 
It will now be shown that each fl, is divisible into two parts; one is part 

or all of the set where f equals a certain corresponding kx, and the other is 
the whole of the set where f> k;. Consider the set Ak where f> k, and sup- 

pose the k,'s (7) which are not greater than k to be denoted by ai's and their 

corresponding ci's by se's, thus: 

al a2 . k; s, S2. 

In Ak, 
q > f +Sl+S2+ * > k+S1+S2+ .(14) 

For example, if k1lc1, k2>k, k3-a2.; in Ak, ql=f +s, q2>ql=f+Si, 

q3=q2+s2?f+s1+s2, etc., and finally qj?q2< ....< q. In R-Ak, 

q<f+sl+s2+. .. <k+si+s2+.*.., (15) 

for here, for every j, q1 ?f+s+s2+. ...., and finally q=lim,q%. Thus, if 
xk+S1+S2+ ...., q>X in Ak and q?2 in R-Ak, and so in this case QAx Ak. 

If now it could be shown that to every X% there corresponds a k such that 

x=k+sl+S2+ . .. ., the part of our proposition considered in this paragraph 
would be established, but this is not always true.- It can, however, be proved 

except for an enunmerable number of intervals where 

Xk2-Ci < x-?Xki (16) 

For S1+S2+ . is a monotonic increasing function of k, and therefore, con- 

sidered as a function of k, A =k+sl+S2+... is always increasing, and is 

defined for each k in (0, L). Moreover, it is always continuous on the right, 

for, for any k which is not a k,, there exists a 3 so that the interval (k, k+ S) 

does not contain any of the points kl, k2X. kn (n finite). Therefore, 

1 X (k+8)-X (k) | <1| 8I| +EcCi <E, 
n 
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if n and 8 are chosen properly. This is true for 8 >0 even if Ak is a ki, but in 

this case every interval (k, k+?), 1 <0, would include ki, and hence at such 

points x would havTe a discontinuity on the left equal to ci. The correspondence 
desired is proved. We proceed to consider values of 2X of (16). First, all 
points of Ak. are in Q,l, for, if f > ki, q> k k'+s1+S2-+ . . . . (Ci =s1), that is 
q > X. Secondly, n, contains no othler points, except some where f ki; for, if 

P is a point where f(P) <ki, let f(P)=- :ki-. To this value of k there is a 

corresponding xki- ) t+CI+2+ C C where al, I2.. are the si's for 
ki -y; their suni is less than S1+S2+ . .. by at least c -s1. By (15) 

( P) <ki 7+ 1 +a * * ki + S1+ S2 + 'I * *7 * S1 < %ki Ci < 

and therefore P is not in K2.. Thus, in every case there is a kx corresponding 
to X for which the conditions are satisfied. 

It may now be shown that 

J-L g. 

As in Case 1 (1), 

ffg= Lfg, 

where (I' is the part of 
Olx 

in Ri. For q is for Ri precisely an associated 
function in the sense of my paper for the case when R is limited. The rest of 

the reasoning of Case 1 now holds, mutatis mutandis. 
CASE 3: (1 * 0). We may obviously consider Case 1 as a special case of 

Case 2, where q=f. By Case 2, 

f[f (x, y)-1]g (x, y) - (L-I)fg =Lf g-I g+l fg. 

Add 

fig=f g. 
COROLLARY. If f(x) is montotonic decreasing in (a, a) and I?f(x)?L, 

and if g(x) is absolutely L-integrable in the same interval, there exists a 
2(a<,?cx_) such that 

ffg If g+L g. 

It is to be noted also that the theorem gives even for one dimension a 

much more general statement than this corollary. 
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INTEGRALS CONTAINING PARAMETERS, ?? 6-8. 

6. Integrals over Finite Fields.* As a part of my discussion of integrals 
containing parameters I intend to extend to integrals over infinite fields certain 
theorems of W. H. Young t on integrals of functions of one variable. It is 
necessary first to make the extension to it dimensions for finite fields, and in 
this section I shall cite certain of these results. They may be deduced more 
simply from Vitali's test t of equi-absolute continuity, than by extending to n 

dimensions Young's idea of upper (lower) semi-continuity, but I will not give 
the proofs. In passing, however, I call attention to one theorem (11) which 
is not related to Young's, but wlich is a generalization of a very useful 
theorem on integrals not conltaining parameters. 

THEOREM 9. Let A be a limited measurable point set in space of n dimnen- 
sions. Let lin mf m(X, y,....) f(x,I y,.) in A, in general. The neces- 
sary and sufficient condition that 

lir ffnmdA - fdA 
n, m=oA 

is that there shall exist two functions g, (xI y.), Gn, m(X y.) whose 
limits are g (X, y, .... ) anzd G (x, y, . ), respectively, for which this is true, 
and such that, in general, gn m< fn m Gn m 

COROLLARY 1. An analogous theorem is true for iterated inltegrals. 

COROLLARY 2. If fn m(XI y.. )>0, and its limait is f (x, y, ), and if 
also the limit of its integral over A is the integral of f over A, then a simnilar 
statementt is trute for the limnit of its initegral over any measutrable part of A. 

THEOREM :10. If the limit of a monootonic sequence of integrable functions 

-<f1( (X, .) <f2(X, y . < .*v is integrable in A, the sequence is 
integrable terrmwise. 

THEOREM 11.? If in A f (x, y . ) is the limit of a f unction fn, m(X, y, . ) 

which is nowhere uzegative, and the limit of whose inttegral is zero, then in 
general f=0. 

The proof is immediate if it can be slhown that the integral of f over A 
exists, for in that case the integral of fn, m is obviously equi-absolutely con- 

*It is not assumed in this section, as it is elsewhere, that the functions in question have integrals 
over finite measurable fields. The case of n parameters is not essentially different from that of two. 

t Loc. cit., pp. 315 ff. 
tRendiconti del Circolo di Palermo, Vol. XXIII (1907) pp. 137ff. Vitali enunciated his test only 

for one dimension, but his method is valid for n dimensions. 
?This is a generalization of a well-known theorem. Cf. Pierpont, The Theory of Funletions of 

Real Variables, Vol. II (1911), p. 38S, ?402 (2). 
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tinuous and approaches the integral of f as a limit. Thus the integral of f is 
zero, and the theorem of which this is a generalization applies. Suppose the 
integral of f over A did not exist. We could then let Ak be the set where 
f >1k, and set (Pk equal to zero in Ak and to f in (A-Ak). Then the integral 
of cpk over A would diverge to plus infinity as k became infinite. This would 
be 'impossible, for suppose that for each k Onp m; k equals 0 in Ak and fn, m else- 
where. Then for each k On, m; k would satisfy the conditions of the theorem 
and cpk would be integrable. Therefore the integral of Pk over A would equal 
zero for each k. 

7. Continuity. LEMMA 1. If 0 < f (x, y) < g (x, y), antd Ji(g) exists, thent 

0 ? Ji (f) fa fdxdy <Ji (g) L gdxdy. 
Ra,,x3 Ra, O 

LEMMA 2. If for each (n, m) the function fn, m(x, y) satisfies the conditions 
imposed on f in Lemma 1, and if f(x, y) -rlimn,mfn,m(x, y) in general, then 
Ji(fn, m) exists and its limit is Ji (f). 

Obviously 0? f ? g, and so by Theorem 3 Ji (fn, m) and J, (f) exist. For 
an arbitrary E>0, let a, d be chosen so large that 

Ji (9)- g <& 

By Lemma 1, then, 

0?Ji(f) -f f<Ji(g) -fg<e, (1) 

0<Ji(fn, m) f fn,m?<Ji(g)j g<C. (2) 
Ra,6 s zRa,J3 

By Theorem 9 there exists for these fixed values of a, j3 an it, so large that, if 
n, m > ne, 

L, ffj- fn m| < (3) 
Ba, o Ba,p 

From (1), (2), and (3), 

| Ji (f)- Ji (fn, m) I < 3,, (n, m >n,) . 

LEMMA 3. Except perhaps for a ntull set in R, let gn, m(X, y) ? 0, 
limng mgn, m( ) =g(x, y), and limn, m Ji (g- m)= J,(g). Thent, for all values of 
a, j uniformnly, 

lim gn, mdxdy J gdxdy. 
n, m Ra, a, , 
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Let on, mmgn,m and r)n, m= where gn,qg, and let p -m g and ')n, m gn m 

where gn,.<g. Then 0 < ?n, m<On,mI 

0?O, m4in,m g I, (1 ) 

in,mOn,m=limn, m in, m=9 and O? _'n,m? g. By Lemina 2, then, 

limn, m Ji ('n, m) = Ji (g) * (2) 

By definition, On, m+n, m =gn, m+g, and hence limn,mJi(cpnm m 4'n,m)-2Ji(g)- 

This, with (1) and (2), proves that limn, m Ji( g,nm-g?) =0. Now, uniformly 
in a, a 

LEMMA 4. Except perhaps for a null set in R, let 0 <f.,m(xY)<Sgn m(x?Y) 

let limn, m fn, m (x Y) f (XI, y), and N n, m gn, ( y) g (x, y), and lim.,m Ji (9ng m) 
J,(g). Then Ji(fn, m) exists and its limit is Ji(f). 

Since obviously 0 ? f < g, we have, by Lemma 1, for all values of n, m; a, 

0 Ji(f) -F f <Ji(g) - g, (1) 
Ra,.8 Ra, / 

0?Ji(fn m) fn mf<_ Jij(snm) - n, (2) 
Ra,8 a, R 

For each E > 0 there exists a number n. so that, by hypothesis and by Lemma 3, 
f or all values of n, m > nt, and all values of a, j3 uniformly, 

|Ji (gn, rr) Ji (9) 9 gn | <R 'C (3/, S 

and so 

(gi(n., 1n) JR gn, m J (g R9a ,S 2) 
c 4 

Ra,/ Ra, / 

But, if a, tB > some number a., 

IJi (g)- g < <6q (5) 
Ral 8 

and, therefore, by (3) and (5), 

|Ji (gn, m)- gn, m < <3E, (q$S A> n; a, > ac) . 
Ra,J 

This, with (1) and (2), shows that 

4 2(f)-Ji(fn.m)+ fn,m f < 4e(n, mn,;a, g >a) (6) 
42 
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Now let a, j3 be held fast at some values greater than oc. There exists a 
number n' so that 

| afn, m J f < E,' (n, mX > n'), (7) 
Ra, P a,p 

for, by Lemma 3, and since 0? fn m?g< mg Theorem 9 applies. Thus (6) and 
(7) prove the lemma. 

THEOREM 12. Let limn,m fn, y(X, y) =f (x, y) in general. In order that the 
following integrals shall exist and that 

liXmn, m Ji ( fn m)Ji ( f) 
it is necessary and sufficient that there shall exist two convergent sequences of 

functionqsn, . g.,m(X y) =g(x, y), iliMnGn,m(X Y) =G (X, y), for which this 
is true, such that in general gn .(x, Y) <fn m(x,y) <Gn, m(X, y). 

To prove the necessary part we may take gn, mfn,m-l/ (nnX2y2), Gn m 
-fn,m +1/ (mnX2y2) . To prove the sufficient part we note that 0_ fn, m-g9n, m 

CTG -gm and that lim -qn m )=Jj(G-g), and apply Lemma 4. 
COROLLARY 1. Let limn,mfni,m(Xy)=f(x, y) in general. Any one of the 

following is sufficient to make lim,n,mJi(fn,m) =Ji(f): 

(a) g(X, Y) fn, m(X y)_ G (X y), and Ji(g), J(G) shall exist; 
(b) f (x, y) shall be the limit of a monotonic sequeence, 

fl (X2; Y) _< f2 (Xi Y)_ . 
and Ji(f) and Ji(f1) shall exist; 

(c) lim2n,mJi(Ifn,mI)=Ji(IfI); 
(d) fn,m ((x, ) I G (x, y) and Ji (G) shall exist; 
(e) f m(x,y)=h x,y)g m(,y), where 0hnm g < 1, and one of 

the convergent sequences h*n m and gn.m shall be integrable termwise in R; 

(f ) fn, mn = (9n, m) P, 0 _ gn, m _ I < p, and the sequence gn, m shall be integrable 
termwise in B. 

COROLLARY 2.* The double series of which the general termn is Unm m(X, Y) 
is absolutely convergent and absolutely integrable termwise in R tf there exists 
a never negative function v (x, y) which is integrable int R and a convergent 
double series of positive terms of the type an, m such that I Un, m (x, y) 1? an mV (x, y). 

For, if sn,m refer to the sum of the absolute values of the nm terms of the 
u series, and an m to the sum of the correspondi:ng terms of the a series 
0 _ Sn m -< anm V (X Y) _ liMn m (5nJ m v (x, y), and (d) of Corollary 1 applies. 

* Cf. W. H. Young, loo.- cit., p. 324. The same statement holds good if R is a finite field. 
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8. Differentiation and Integration. The next theorem inay be derived from 
what precedes in much the same manner as may be proved the theorem * of 
which it is a generalization. 

THEOREM 13. Let gn(x,y)? fn(x, y) Gn(X y), and f- g., Gn-f. be 
monotonic increasing functions of n at each point (x, y), and let the derivative 

of Ji(g.) =Ji(dgn/dn), and the derivative of Jj(G.) =Jj(dG./dn). Then the 
derivative with respect to n of Jj(f) =Jj(dfn/dn) wherevert df,/adn exists. 
T'he same is true if the right (left) hand derivative be used throughout instead 
of the derivative. 

The following lemma may be proved by the use of the theorem of Young 
analogous to Theorem 9, and the theorem of Fubini analogous to the corollary 
of Theorem 5. 

LEMMA. Let the interval (a?n?b) be finite. Sufficient conditions that 
the followintg exist and be equal, 

,1fJ1[g(x,y;n)]dn, J1[f g(x, y;n)dn], 

are that (1?) the integral of g with respect to x and y over R,,3, for all values 
of a, 3>aO, be absolutely less than an integrable function of n, (20) J1(g) 

exist for each n, and g be absolutely integrable with respect to x, y, and n in 
the parallelopiped, O xa O? < y? (, a < n < b. 

THEOREM 14. Sufficient conditions that the equation, 

Jj1 (df)dn J1(fn) Jl (fa), 

be valid in (a?n?b) are that J1(f) exist at one point of the interval (a, b), 
and that df/dn exist and satisfy the contditions imposed o0t g in the lemma. 

By the lemma 

fJ01 (df) dn J1 
n 

df dn. a dn adn 

By a known theorem due to Vall6e-Poussin,t this equals J1 (fn) -J1 (fa) 

COROLLARY.? Under the samne contditions the derivative, with respect to n, 

of J1(fn) equals J1 of the derivative of fn, (a) in general in (a, b) including all 

* See preceding note, same reference, p. 321. 
tMore generally, for each value of n for which, except perbaps for a null set in the xy-plane, 

df/dn exists. 
LtLoc. cit., Vol. I, p. 263. 

? See reference of previous note, pp. 267, 268. 
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points where the derivative of J1(f.) exists, and (b) at all points of (a, b) 
provided J1(df/dn) is continuous in (a, b). 

THE FOURIER INTEGRALS, ?? 9-11. 

9. Introduction. The iterated integral 

J4--I du f (t) cos u(t-x)dt 

is sometimes called the Fourier double integral. We shall reserve this name 
for 

J1=D= lim 1fdu f(t) cos u(t-x)dt? lim If duf f(t) cos u(t-x)dt. 
a, 6= oo t a, 7= X- 

Here J1 and J4 have the same relative significance as in the preceding sections. 
It is evident that J5 does not exist. A good deal has been written * recently 
on the problem of finding the most general conditions that one can impose on 
f (t) and make J4 equal to f (x). In the following section, it is shown tbat J1 
equals f(x) under circumstances more general than those derived for J4. 
Indeed, if f (x) =1, J4 does not exist, and if a value be given it by the usual 
summation method, that value is zero, but J1=1. In Section 11 the corre- 
sponding integral which arises from three-dimensional problems is considered, 
and some of the questions connected with it. For simplicity x, y, and z are 
restricted to non-negative values. This enables one to dispense with the 
second term of D. No generality is lost thereby. 

10. The Fourier Double Integral. LEMMA. (a) For all a, 1 > 0 uniformly, 

f singt dt <-* 
t =2 

(b) Let O <f(t+x)?<M, antd let f be a monotonic decreasing function of 
t(t>0) for each x. Then, uniformly with respect to a >aO>0, and boundedlyt 
with respect to x in the first case, and uniformly in the secontd: 

pa sin __7 sng limJf (t+X) n td 7 f(++)f lim f(t+X) sintdt = 0. 
.6=00 t 2 6=0 aO t 

(c) If also uniformly with respect to x lim f(t+x) -f (+O+x), the converg- 
t=O 

ence in the first case under (b) is utniform. 

*A. Pringsheim, Mathematische Annalen, Vol. LXVIII (1910), pp. 367-408. W. H. Young, Trans- 
actions of the Cambridge Philosophical Society, Vol. XXI (1910), pp. 428-451; Proceedings of the Royal 
Society of Edinburgh, Vol. XXXI (1911), pp. 559-586. 

jt Fn (x, y, ....) approaches its limit "boundedly " with respect to x, y, .... if there exists a fixed 
number greater than IF, I uniformly for all values of x, y, ..... 
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The lemma is known except perhaps for the boundedness and uniformity 
of the convergence. By the more familiar part, however, we have 

- f (+O +x)- lim f (t+ sin 3t dt 

= lim (f '(+O+x)v-f(t? +x) ] sin dt lim S 
3=00O t = 

By (a) and the second theorem of the mean, 

|S I M max jf<sil/3ttnM 

Thus the convergence is bounded. In the cases where it is uniform the 
demonstration is the same except that M is to be chosen arbitrarily. 

THEOREM 15. Let O?f(x)<M, and let f(x) be a monotonic decreasinag 
function of x(x>O). Then D=1/2[f(x-O)+f(x+O)], an,d the proper in- 
tegral of which D is the limit approaches D boundedly with respect to x if 
x > a>O. 

CASE 1: (x= O ). By the lemma 

7tDZ -lim adulf f(t) cos tudt= lim in atdt t 
a, #=x0 0 O a, J=(o t 

CASE 2: (0 <a ?5 x). In the formal expression for D substitute t-x=s. 
Then 

a O-z 6-;z ~~~~~~~sin as 
nD= lim IduJ f(s+x) cossuds= lim j f(s+X) ds 

a, 3=ao Ou_ a, ,8= oo-x S 

= lim f(SX fd(ss + lim f(s+-x) ds. 
a,,8=o -x S a, =oo S 

Substitutiing t -s in the first integral, and separating the last integral into 
two parts by the point x, 

x ~~~~~~sin' at 6i/-x sinl cxs 
n7D= lim j f(-t+x)+ff(t+x)] I dt+ lim J (s+x) ds, a, #=00 t a, ,B=- S 

which equals I [f (x-0) + f (x + 0) ] by (b) of the lemma, and the convergence 
is bounded. 

COROLLARY 1. If also f (x) is continuous in (O < a ? x < b), the convergence 
is untiform there. 

Apply (c) of the lemmla. 

COROLLARY 2. The theorem and corollar y are true if f (x) = f1 (x) -f2 (x), 
where f1(x) and f2(x) have the properties there ascribed to f(x). 

Examples: e-, 1-e-x, f(x) equal to a polynomial in (0, 1) and to lx 
elsewhere. 
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THEOREM 16. Let (10) f(x)=g(x) p(x), where 0<f,g,p? M, f(x) has 
limite'd variation in every finite * -interval, antd g (x) is monotonic decreasing 
(x>x0), and p(x) is periodic (x?>x0). Let (2?), except perhaps a null set, for 
x > XO 

00 

p(x) = (ai sin kix + b, cos kix), 
i=O 

where the ai's and bi's are the usual Fourier coefficients, and (30) 

E (lailI+bil)=H. Thenforeachx>O, D=1/2[f(x-0)+f(x+0)J. 
Let f(t) = p(t) +4(t), where b-=f and 40 at points where t <2x, and 

=0 and 4=f where t > 2x, x being the point at which the development is to be 
examined. Referring to the preceding corollary we see that it holds when qp 
replaces f. Referring to the proof of the previous theorem we see that, by 
formal processes, 

x ~~~~~~~sina Oct cD-7t/2 [f (x-0) +f (x+ 0)] lim b[A(-t+x) +4t+X)] sina dt 
a, 13=00 o t 

#-X sin o ds =+ 
+ lim I(s +x) s I+ II. 

a, #=oo S 

By definition of 4, I-0. To prove that II_O we have essentially to establish 
for the f of our present theorenm only the second part of (b) of the lenmma to 
Theorem 15, with the omission of the references to boundedness and uniformity 
witlh respect to x. An apparent exception occurs when x-O, but it may be 
avoided by separating the interval (a, /) into two parts by means of a fixed 
point. We proceed, therefore, to show that, ao>0, e>0, x being prescribed, 
there exists a De so that the following is true uniformly in a and 1: 

a ~~~~in 3t 
fg(t+w)p(t+x) s dt >t| (,3>/3e) 

The function g(t+x)/t is monotonic decreasing if t>xo. Let ax be so large 
that xcj> xw and also that g (t+x)/cj <?. Since t gp/t is absolutely L-integrable 
in (0c, xl), 

lim al gp sin g3tdt-0. 
Nw=00 

aO t 
Now 

aJg(t+X) p(t+x) sin g3tdt <E max f p(t+x) sin /3tdt 

=E max | sin /3t I-aj sinki(t+x)+bjcoski(t+x)]dt 
x I/1 L0J 

*These conditions could be generalized a little by requiring that certain of them should hold 
necessarily only in the neighborhood of x. 

t Lebesgue, Annales de la FacultM de Toulouse, Ser. 3, Vol. I (1909), p. 52. 
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It may be seen in several ways that this series is integrable termwise; for 
example, by 30 its remainder is uniformly limited. Tllus the above expression 
equals 

E max E aij sin ki (t + x) sin (3tdt 

+bf cos ki(t +x) sin f3tdtI H8EZ(1a ai + I+bi ) =8&U. 

COROLLARY. T'he theoremn is true if f(x)- f1(x)-f2(x), where f1 and f2 
separately enjoy the properties there ascribed to f. 

Example: f- x in (0, 7), -27-x in (7t, 2rt), etc. 

THEOREM 17. if f(x) has limited variation in a neighborhood (x-c, x+c), 
c>O, of x, and if f(x)/x is absolutely L-integrable in the infinite interval 
(x >c), then, for each x>O, D-1/2[f(x-O)+f(x+0)]. 

As before 

D= lim '- (t+x) sin tdt lim 1 -Ef sin at dt 
a,3=oo 7t x t am X =o t 

c 

+ f sinr at dt+ f sin at dt] =I+II+III. 

c 
dt-i-J ln it 

II= lin -J I[f (-t+x) +f (t+x) ] dt=i[f(x-O)+f(x+0)], 
a, Ps=o t ot 

since the part of the integrand in brackets has limited variation in (0, c/2). 
Since f (t + x) /t is absolutely L-integrable in (-x, -c/2), by Lebesgue's * 

theorem I-O; and, similarly, a part of III, 
1 fS'ini ex t 

lim - f (t+x) dt=0, 
a,j3=w t7t 

where /3e is so chosen that 
00 f (t+X) fd 

Thus IIII <E. 

Example: f (x) =p (x) e-, where p is any limited function which has 
limited variation in the neighborhood of x and is L-integrable in every finite 
interval. 

It could now be shown that, if in this form of the Fourier integral the 
integrand were multiplied by e-uY (or by e-2u2t), the usual thermostatic (or ther- 
modynamic) equations would be satisfied, in general, and that the functions 

*Loc. cit. 
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defined thereby would enjoy the other properties desired for the solutions of 
the corresponding problems in heat and electricity. Bnt this would not be 
useful, for, although some texts imply that the Fourier " double" (in my sense, 
iterated) integral is needed in these physical problems, it never is, and the 
appropriate propositions can be proved for the simple integrals that are 
needed in a much more general fashion than I can prove them even for the 
double integrals considered here.* The theorems of this sectioin serve as 
lemmas to the next section, where their practical value becomes apparent. 
However, as notably in the case of Fourier's series,t so to a less degree in the 
case of Fourier's integral, the theory of the representation of an arbitrary 
function has enjoyed a development and interest that have nothing to do with 
its value as a physical tool. 

11. The Fourier Quadruple Integral. If one seeks the value of the potential 
function V in an infinite rectangular parallelopiped (x, y, z ?0), given that 
the surface z O0 is kept at a potential V.=zf (x, y), and that the surface x=0 
is insulated, one is led to LaPlace's equation, V2(V) =0, and to the formula: t 

a L 1 7y a - 

Vz lim Jdtj duj ds e-zV82+ w2f (t, u) cos s (t-x) cos w (u-y) dw. 
a, /3, 'y, 6= oO 

THEOREM 18. Let f (x, y) -h(x) k(y), where h and k satisfy the conditions 
imposed on f in one of the theorems 15, 16, or 17, or are the differences of two 
such functions. Thent V0-1/4[f(x-0, y-0)+f (x-0, y+0)+f(x+0, y-0) 

+f(x+Q0, y+-0)]. 
a l 

For VO= lim [I dtf h(t) coss(t-x)ds du k(y)cosw(u-y)dw], 
a, A3, a,6 c st) ]f k( 

which equals 1/4[h(x-O) +h(x+O)] [k(y-0) +k(y+0)]. 

COROLLARY. The convergence is uniform with respect to x (or y) if h 
(or k) also satisfies the conditiont of continuity imposed in the corollary to 
Theorem 15. 

THEOREM 19. If f (x, y) is absolutely L-integrable in the infinite rectangle 
(cv y _ 0), V(z > 0) satisfies LaPlace's equation. 

It is sufficient to show that the signs of partial differentiation may be 
passed over the limit sign and over the signs of integration in the expression 
for Vz. For this purpose we refer to corollary (b) of Theorem 14. Using 

*Cf. W. H. Young. Proccedings of the Royal Society of Edinburgh, Vol. XXXI (1911), p. 587; 
Encyklopiidie Mathematischen Wissenschaf ten, II, A 12, p. 1089. 

t Cf. VanVIeck, "The Influence of Fourier's Series upon the Development of Mathematics," Science, 
N. S., Vol. XXXIX (1914), Number 995, pp. 113-124. 

1 In the usual formula the iterated integral is used. 
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the notation there, but replacing that f by the present integrand, which we call 
q, and thinking of n as representing in turn x, y, and z, we see that we need 
to prove: (1) that J1(dcp/dn) is continuous near n, n being the point at which 
the derivative of J1 is being examined; (2) that J1(p) exists at n; (3) that 
dcp/dn exists, and is absolutely L-integrable over finite three-dimensional 
fields; and (4) that there exists a function, cP(n), whose integral with respect 
to n exists over a finite interval enclosing the particular point n in question, 
such that, for all values of ac, 3 > 0 uniformly, 

dp dtduds dwd| <4)(n). 
Ja, 8 , dn 

These results are needed in order to show that the first derivative of J1 may 
be replaced by the first derivative of its integrand. The process must be 
repeated for the second derivative. We slhall then have conditions (5), (6), 
(7), and (8) exactly like (1), (2), (3), and (4), respectively, except that 

dlp/dn replaces c, and in (4) ?F(n) is replaced by some other function having 
the sanme properties. It is obvious that (3) and (7) are true, and that (6) is 
included in (1). We first prove (4). For all values of x, y, z uniformly, 

Ip I<If(t U) Ie-zvs2+w2<Ife-z =Ie 2 e-2 2 

I J _ M M e-( 2 ds) #A{M 
where 

a: 

Thus (2) J1 (up) exists absolutely. N ow, first let n -z. 

(s2 s zw 
__p =_ =2+f a 

2 =2+ w2) p, ao <C1fI(s+t)e- e, 

I f a(P < 
2M (J, se- 2 d s j:e-2 dw)= 3. Ra,6,y. 6aZ sedf~ w z3 

Thus (4) is satisfied (z > O). We can similarly prove (8), for 
p 2_ < f' 

z2 
s Ze2w 64M 

a,8,y,6 g -83 2M s2e-zs dsi e- 2dw 

Now, by referring to Corollary 1 (d0) of Theorem 12, it will be seen that in 
(9) we have established (1) and (5); e. g., if z?c>0, 

If I (s+w)e-z(s?) ? If I (s+w) e-a; (s+w), 
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which is an integrable function in R. Secondly, let n=x>O. 

a(p 
_,se-Z'2+Wf (t, u) sin s (t-x) Cos w (u-Y), ax- 

a2(p s2e-zV82+w2 Cos s (t-x) cos w (u-y). 
aX2 

Mfse0 Zsz0~ w 8M 
IJ tam|< M JAse- 2 ,sJ e- 2 dw=8M 
La, ,, , adxf?d z3 

a)2(p Mfs2e0 zw 32M 
Iaa q< M J s2e- 2dsfe--2 dw= 

Hence the conditions in question are satisfied. The case, n= y 0, is identical 
with this one. 

WESLEYAN UNIVERSITY, MIDDLETOWN, CONN., October, 1916. 
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